The tunability of epitaxial barium strontium titanate films is analyzed theoretically using a phenomenological model. The relative dielectric constant of Ba 0.5 Sr 0.5 TiO 3 ͑BST 50/50͒ films as a function of the applied external electric field is calculated and an electric field-misfit strain phase diagram is developed to assist in the interpretation of the behavior. On the basis of these results, the tunability of BST 50/50 films as a function of the misfit strain is provided and compared with the experimental data in the literature. Analysis shows that a high tunability can be achieved by adjusting the misfit strain especially in the vicinity of a structural phase transformation. The misfit strain in epitaxial films can be controlled with the selection of a substrate material or variations in the film thickness. The film thickness dependence is due to misfit dislocation formation at the film growth temperature. A critical thickness to attain the maximum tunability can be defined for BST 50/50 films on MgO ͑ϳ90 nm͒ and LaAlO 3 ͑ϳ120 nm͒ substrates. It is suggested that the selection of the substrate and/or the film thickness can be chosen as design parameters to manipulate the strain state in the film to achieve optimum tunability.
I. INTRODUCTION
Thin films of barium strontium titanate (Ba x Sr 1Ϫx TiO 3 , ͑BST͒ have long been recognized as the potential candidates for applications such as storage capacitor dielectrics for the next generation dynamic random access memories as well as variable elements in the tunable microwave devices. [1] [2] [3] [4] [5] [6] These applications rely on the properties of BST films, such as a high dielectric permittivity, reasonably low dielectric loss, and high tunability. The tunability ͑i.e., the degree of variation in the dielectric constant as a function of the applied electric field͒ is one of key design parameters of tunable microwave devices. Ideally, a large tunability accompanied by a small dielectric loss is desired.
There has been a great deal of research in the field of ferroelectric thin films, the primary objective of which has been to reliably reproduce the properties of bulk ceramics or single crystals in thin film form for device applications. However, compared to their bulk or single crystal counterparts, generally inferior electrical and electromechanical properties are observed in ferroelectric thin films. The reason for this is believed to be due to compositional and microstructural inhomogeneities, defects, and internal stresses. 7 Recent experimental studies show that internal stresses have a great impact on the dielectric behavior of BST thin films. 3,8 -11 Significant variations in the dielectric constant close to an order of magnitude have been observed in epitaxial BST thin films for which the internal stress levels were systematically altered either by using different substrate materials or by adjusting the film thickness. 3, 8, 9 Experimental results also indicate that the tunability of BST films displays a strong dependence on the lattice misfit, or the misfit strain. 3, 11, 12 For example, it was shown that annealing treatments to reduce residual stresses in Ba 0.4 Sr 0.6 TiO 3 films would improve the tunability from 36% to 52% for a 57 kV/cm field on ''compressive'' LaAlO 3 substrate ͑i.e., substrate with lattice parameters smaller than the film such that compressive stresses are induced in the plane of the filmsubstrate interface in pseudomorphic films͒ but reduce the tunability from 47% to 38% on ''tensile'' MgO substrate. 12 A remarkable increase of the tunability from 20% to 32% for a 40 kV/cm field was reported for Ba 0. 35 Sr 0.65 TiO 3 films on LaAlO 3 substrates after an annealing treatment. 11 The dependence of the structural, electrical, and electromechanical properties on the misfit strain in epitaxial ferroelectric films has been established theoretically via phenomenological models. 3, 8, 9, 13, 14 However, the tunability, a parameter of both theoretical and practical importance in BST films, has not received a thorough treatment in theoretical work. In a very recent publication, we have developed misfit strain-temperature phase diagrams of epitaxial BST films 14 taking into account the possibility of the formation of ''unusual'' phases that cannot form in bulk BST ceramics or single crystals by using a Landau-Devonshire ͑LD͒ phenomenology. 13 Theoretical estimation of the dielectric constant of ͑001͒ Ba 0.7 Sr 0.3 TiO 3 and Ba 0.6 Sr 0.4 TiO 3 films on ͑001͒ Si, MgO, LaAlO 3 , and SrTiO 3 substrates as a function of misfit strain and film thickness was provided. An order-of-magnitude increase in the dielectric constant for films on LaAlO 3 and SrTiO 3 substrates with increasing film thickness was predicted. Due to the interplay between the relaxation of epitaxial stresses at the deposition temperature and the thermal a͒ Author to whom correspondence should be addressed; electronic mail: p.alpay@ims.uconn.edu stresses between the film and the substrate that develop as the film is cooled down from the growth temperature, for films on MgO substrates the dielectric response is expected to increase as the film thickness decrease, attaining a maximum at around 40 nm.
In this article, we employ a similar treatment to analyze the tunability of epitaxial BST films taking into account the dependence of the dielectric response on the applied electric field. Our goal is to provide a quantitative estimation for the dependence of the tunability on epitaxy-induced internal stresses. In Sec. II, the thermodynamic model is provided. In Sec. III we calculate the dependence of the dielectric response on the applied electric field of Ba 0.5 Sr 0.5 TiO 3 ͑BST 50/50͒ films on various ͑001͒ cubic substrates as a function of the misfit strain. The tunability of BST 50/50 films is evaluated and compared with the experimental data reported in the literature in Sec. III. The tunability as a function of film thickness is also presented for various substrates by taking into consideration the possibility of relaxation of epitaxial stresses through the formation of misfit dislocations at the film growth stage.
II. PHENOMENOLOGICAL MODEL
We consider a single-domain ͑001͒ BST film epitaxially grown in the cubic paraelectric state on a thick ͑001͒ cubic substrate. The thermodynamic potential G of a pseudocubic BST film as a function of polarization P i , applied field E i , and misfit strain u m ϭ(a s Ϫa 0 )/a s , where a s is the substrate lattice parameter and a 0 is the cubic cell constant of the free standing film, is given by 13, 14 G ϭa 1 *͑ P 1 2 ϩ P 2 2 ͒ϩa 3 *P 3 2 ϩa 11 * ͑ P 1
The vector and tensor quantities are defined in a Cartesian coordinate system as shown in Fig. 1 where a 1 is the dielectric stiffness, a i j and a i jk are higher order stiffness coefficients at constant stress, Q i j are the electrostrictive coefficients, and S i j the elastic compliances of the film. The temperature dependence of the dielectric stiffness a 1 is given by the Curie-Weiss law, a 1 ϭ(TϪT 0 )/2 0 C, where T 0 and C are the Curie-Weiss temperature and constant of a bulk ferroelectric, respectively, and 0 is the permittivity of free space. The parameters used for the calculation of the renormalized coefficients for BST films are obtained by averaging the corresponding parameters of BaTiO 3 ͑BT͒ and SrTiO 3 as given in Table I . 13, [15] [16] [17] [18] The contribution of sixth-order polarization terms to the free energy is neglected. 19 The temperature-misfit strain phase diagram for epitaxial BST 50/50 films is shown in Fig. 2 varying misfit strain, can be found elsewhere. 13, 14 The six possible phases identified by Pertsev et al. 13 are the paraelectric phase, the c phase ( P 1 ϭ P 2 ϭ0, P 3 0), the a phase ( P 1 0, P 2 ϭ P 3 ϭ0), the ac phase ( P 1 0,P 2 ϭ0,P 3 0), the aa phase ( P 1 ϭ P 2 0,P 3 ϭ0) and the r phase ( P 1 ϭ P 2 0,P 3 0). 20 Examination of Fig. 2 reveals that only the c phase, the paraelectric phase, and the aa phase are the stable phases for epitaxial BST 50/50 films at room temperature ͓͑RT͒ϭ25°C͔.
The polarization components as a function of the applied field can be obtained via ‫ץ‬G ‫ץ/‬ P i ϭ0 such that ‫ץ‬G ‫ץ‬ P 1 ϭ2͑a 1 *ϩa 13 * P 3 2 ϩa 12 * P 2 2 ͒P 1 ϩ4a 11 * P 1
The electric field dependent relative dielectric constants along ͓001͔ and ͓100͔ directions can be determined by
respectively. The small-signal dielectric response along ͓001͔ and ͓100͔ directions are also determined by Eqs. ͑6͒-͑7͒ with the polarizations given by setting E i equal to zero in Eqs. ͑3͒-͑5͒. We define the tunability ⌽ as the variation in the dielectric response with applied field with respect to the small-signal dielectric constant as
III. RESULTS AND DISCUSSION

A. The dielectric response: effect of field
In order to study the dielectric response as a function of the applied electric field, the stability of the phases under the electric field has to be considered. To accomplish this, we calculate the minima of G ͓Eq. ͑1͔͒ under an electric field E 3 normal to the film-substrate interface for all possible phases in an epitaxial BST 50/50 film. The resulting electric fieldmisfit strain phase diagram at RT is shown in Fig. 3 . The stable phases in the range examined are the c phase, paralelectric phase, and the aa phase. At zero bias, the misfit strain range at which each phase is stable agrees with that obtained from the temperature-misfit strain phase diagram ͑Fig. 2͒. Close examination of Fig. 3 reveals that the electric field within the range considered has a minor effect on the stability of the phases. The application of the electric field does not affect the stability of the c phase and paralelectric phase. It should be noted that the misfit-driven transition from c phase to paraelectric phase is blurred in the presence of a nonzero electric field E 3 . However, the transition can be defined by the polarization versus electric field hysteresis characteristics of the phases. 21 For E 3 0, the epitaxial film should exhibit a well-defined hysteresis loop when the misfit strain u m ϽϪ0.1 while the hysteresis loop should not persist when u m Ͼ0.1.
However, the stability of the aa phase characterized by the in-plane polarizations P 1 ϭ P 2 shows, to some extent, a sensitivity to the external electric field E 3 . The progressive increase of the polarization P 3 induced by E 3 is concurrent with the decrease of the in-plane polarizations due to the coupling effect between P 3 and the in-plane polarizations. When the misfit strain is slightly higher than 0.1%, the aa phase has weak in-plane polarization components. As a re- sult, the induced polarization P 3 may lead to the disappearance of the in-plane polarization at some critical electric field, thereby initiating a transition from the aa phase to the paraelectric phase. The instability of in-plane polarizations of the aa phase is presented in Fig. 4͑a͒ which plots the variation of the in-plane polarization P 1 (ϭ P 2 ) as a function of E 3 at a misfit strain u m ϭ0.11%. Figure 4͑a͒ shows that the in-plane polarization P 1 (ϭ P 2 ) drops to zero in a continuous fashion with the increase of the applied field displaying a transition from the aa phase to paraelectric phase at a field ϳ150 kV/cm. The instability of the in-plane polarization in the presence of the electric field is also expected for the transition from the r phase to the c phase induced by the electric field ͑not shown in Fig. 3͒ . The r phase ( P 1 ϭ P 2 0,P 3 0) is stable below Ϫ25°C within a particular misfit strain range ͑see Fig. 2͒ . When an electric field is applied along ͓001͔ which is parallel with P 3 , the in-plane polarizations will decrease. In other words, a rotation of the polarization vector toward the ͓001͔ direction in r phase is expected with an increase in the electric field. At sufficiently large electric fields, the diminishing in-plane polarizations P 1 and P 2 of the r phase eventually lead to a transition ͑with same characteristics as the c phase to paraelectric phase transition͒ to the c phase. Similar behavior in BaTiO 3 crystals has been reported where it was shown experimentally that phase transformations from rhombohedral to orthorhombic and to tetragonal phases could be induced by applying a significantly large field. 22 Theoretical treatment of the phase transformations induced by an applied electric field in a stress-free ferroelectric BaTiO 3 system using the LD phenomenology model was also performed. 23 Using Eqs. ͑3͒-͑7͒, we plot the relative dielectric constants 33 / 0 of BST 50/50 as a function of E 3 for films in the aa phase stability region ͓u m ϭ0.11%, Fig. 4͑b͔͒ and for films in the c phase stability region ͓u m ϭϪ0.2%, Fig. 5͑b͔͒ . The relative dielectric constant versus the electric field behavior of the c phase exhibits remarkable differences with that of the aa phase. For the c phase, the dependence of 33 / 0 on E 3 is characterized by two peaks positioned symmetrically with respect to zero field as shown in Fig. 5͑b͒ the applied field is associated with polarization switching. The theoretical P 3 -E 3 hysteresis loop shown in Fig. 5͑a͒ plotted using Eq. ͑5͒ displays typical ferroelectric characteristics. A coercive field around 20 kV/cm for the c phase at the misfit strain u m ϭϪ0.2% is predicted in our model. It should be noted that the coercive fields calculated via phenomenological approaches are usually 1 or 2 orders of magnitude larger than the typically observed values. This is because of the fact that switching in thermodynamic treatments is due to instability of the polarization with respect to an applied field in the reverse direction rather than the nucleation and growth of 180°domains. 27 The relative dielectric constant 33 / 0 as a function of E 3 for the aa phase at u m ϭ0.11% is shown in Fig. 4͑b͒ . The dielectric constant dependence on the electric field for the paraelectric phase is not included because it behaves in a fashion similar to the aa phase. Since there is no spontaneous polarization along the ͓001͔ direction for the aa phase, the relationship between 33 / 0 and E 3 with no hysteresis characteristics is expected. This expectation is justified in Fig.  4͑b͒ , which features a single peak at zero bias. With the increase of magnitude of the electric field, the relative dielectric constant decrease from its maximum value. It is interesting to note that the phase transformation from the aa phase to paraelectric phase induced by the applied electric field E 3 has no influence on the behavior of the dielectric constant dependence on the electric field. A continuous transition of the dielectric constant is predicted when the phase transformation from the aa phase to paraelectric phase occurs.
B. Tunability
The RT tunability of BST 50/50 thin film along ͓001͔ and ͓100͔ with applied fields along the same directions are calculated by using the definition of the tunability ͓Eq. ͑8͔͒ and the dielectric response as a function of the applied field ͓Eqs. ͑6͒ and ͑7͔͒. The maximum applied field is taken as 67 and 40 kV/cm for E//͓001͔ and E//͓100͔, respectively and the results are presented in Figs. 6͑a͒ and 6͑b͒ for the two cases. Superimposed on these curves are the stability regions of the phases in accordance with the temperature-misfit strain ͑Fig. 2͒ and electric field-misfit strain ͑Fig. 3͒ phase diagrams. It is worth mentioning that the definition of the tunability in this article in essence reflects the variation of the dielectric permittivity with the maximum external electric field and is the most convenient measure adopted experimentally. A new definition of tunability, i.e., ⌽ϭ(‫ץ‬ i j /‫ץ‬E i ) max , was recently suggested. 9 This definition corresponds to the maximum slope of the dielectric constant versus the applied field and is electric field independent. It is best suited to the case where there is no hysteresis ͓e.g., Fig. 4͑b͔͒ . Tunability defined in this way, however, always goes to infinity for a ferroelectric phase displaying hysteresis ͓e.g., Fig. 5͑b͔͒ . Therefore, it cannot capture the full characteristics of the phases predicted in our model. Furthermore, experimental data usually are presented in accordance with Eq. ͑8͒. Adopting Eq. ͑8͒ as to describe tunability enables us to compare our calculations with the available experimental data.
Figures 6͑a͒ and 6͑b͒ show that the tunability is strongly dependent on the misfit strain. They indicate that theoretically maximum tunability can be attained at critical misfit strains corresponding to structural phase transformations and with either decrease or increase in the misfit strain a degradation of the tunability is expected. Interestingly, the stressfree condition does not result in maximum tunability. The critical misfit strain at which maximum tunability is achievable depends upon the direction of the applied electric field. Quantitatively, a maximum in the tunability is reached for u m ϭϪ0.1% and for u m ϭ0.1% for an applied field along ͓001͔ and ͓100͔, respectively. Referring back to the phase diagrams in Figs. 2 and 3 , these critical misfit strains correspond to the transformation from the paraelectric phase to the c phase for an applied field along ͓001͔ and the transformation from paraelectric phase to the aa phase for an applied field along ͓100͔. The tunability as well as the dielectric constant display similar behavior as a function of the misfit strain 14 indicating that both properties can be optimized via epitaxy-induced internal stresses.
The theoretical prediction of the tunability for BST 50/50 film may be compared with the limited experimental results published in the literature, as illustrated in Fig. 6 . The two experimental points in Fig. 6͑a͒ are for epitaxial BST 50/50 films with thickness ϳ500 nm grown at 750°C in an oxygen ambient pressure of 350 mTorr on LaAlO 3 ͑solid square͒ and MgO substrates ͑open square͒ by pulsed laser deposition ͑PLD͒.
3 Experimental data in Fig. 6͑b͒ were obtained by Li et al. 9 who investigated the effect of lattice misfit on the dielectric properties as well as the tunability of ͑001͒ 14 -500 nm thick BST 50/50 films grown on MgO substrates by PLD with the substrate temperature held at 800°C during deposition and a dynamic pressure of 120 mTorr O 2 established in the chamber. As the film thickness increases, internal stresses due to epitaxy are replaced by formation of misfit dislocations during the growth stage, resulting in a systematic variation of the misfit strain measured by x-ray diffraction methods. Several points enter the compressive strain region owing to the difference in the thermal expansion coefficients of the film and the substrate as the film is cooled down. It can be seen from Fig. 6 that the theoretical calculations of the effect of lattice misfit on the tunability are in good agreement with the experimental results.
C. Effect of film thickness
Obviously, the misfit strain in the heteroepitaxial films can be modified by the selection of a substrate material. Furthermore, systematic variations in the internal stress level of heteroepitaxial films can be achieved by altering the film thickness. The epitaxial stresses can be relaxed to a certain extent by the formation of misfit dislocations at the deposition temperature T G depending on the thickness of the deposit. 28 -31 The degree of the relaxation is characterized by an effective misfit strain u m (T G )ϭu m 0 at T G that depends on the ratio of the critical thickness for misfit dislocation formation h and the film thickness h via
where is the equilibrium liner misfit dislocation density at T G . Assuming no additional dislocations form during cooling down ͓i.e., (T G )ϭ(T) for TϽT G ], an ''effective'' substrate lattice parameter ā S can be defined and used for the calculation of the misfit strain of the films with different thickness grown on a selected substrate 31, 32 
We have recently provided a theoretical estimation correlating the film thickness to the misfit strain for BST films on ''compressive'' substrates such as SrTiO 3 ͑STO͒ and LaAlO 3 ͑LAO͒ and ''tensile'' substrates such as Si and MgO.
14 Using the ''effective'' substrate lattice parameter concept, the dependence of the tunability on the film thickness can be established. Figures 7͑a͒-7͑c͒ plot the dependence of the tunability on the film thickness for BST 50/50 on STO, LAO, and MgO substrates at RT for an applied field along ͓001͔ assuming that T G is 800°C. The critical thickness for dislocation formation on STO, LAO, and MgO are calculated to be approximately 19.6, 2.8, and 1.4 nm, respectively, using the Matthews-Blakeslee criteria. 31, 33 The variation in the misfit strain as a function of the film thickness for the three substrates is also included in Figs. 7͑a͒-7͑c͒ ͑dashed lines͒. Note that in-plane compressive stresses are developed on MgO substrate for films thicker than 45 nm due to the interplay between the misfit dislocation generation at T G and the thermal stresses due to the difference in the thermal expansion coefficients of the film and the substrate that develop as the film cools down from T G . It should be pointed out that the misfit strain for ͑001͒ films on ͑001͒ Si substrate as high as 1.0% is predicted even by taking into account the relaxation due to formation of the misfit dislocations at T G 14 and the resulting tunability is less than 1% for a maximum applied field of 67 kV/cm. Noticeable tunability can only be achieved at extremely high fields ͑Ͼ100 kV/cm͒. This agrees with the experimental data reported by Basceri et al. 34 In practice, one or more buffer layers between the film and substrate are often used to reduce the internal stresses in the film. 26 It can be seen from Fig. 7͑a͒ that the tunability of the film on STO substrate increases continuously with increasing film thickness. This is due to the fact that the film on STO remains in the c phase region throughout the thickness range evaluated. Therefore, films on STO substrates should be as thick as possible in order to achieve optimum tunability. For films on the MgO and LAO substrates, however, the tunability behaves significantly different. There is a maximum in the tunability at ϳ120 and 90 nm for films on LAO and MgO substrates, respectively. The tunability drops off sharply for films with a thickness less than the critical value. The rate of decline in the tunability is relatively smaller for films thicker than the critical thickness. The maximum in the tunability is associated with a phase transformation from the c phase to the paraelectric phase due to the reduction in the magnitude of the misfit strain with increasing film thickness ͓see Fig. 6͑a͔͒ . Consequently, to obtain maximum tunability, the thickness of BST 50/50 films on MgO and LAO substrates should be chosen as close to the critical film thickness as possible.
IV. CONCLUDING REMARKS
We have developed a thermodynamic model based on the LD phenomenology to provide a quantitative prediction of the tunability in epitaxial BST films on various substrates as a function of film thickness. We have shown that the selection of the substrate and/or the film thickness can be chosen as design parameters to manipulate the strain state in the film to achieve optimum tunability. The analysis is in good agreement with experimental results and explains the general trend observed in experimental studies that show that the tunability significantly deteriorates with increasing internal stress level. 11, 12 Annealing treatments as well as the deposition of a buffer layer is generally used to lower the internal stress level as to improve the tunability in ferroelectric thin films.
Although we have focused on the BST 50/50 composition, the approach can be readily applied to other BST compositions with only slight modifications. For compositions close to STO, it should be taken into account that upon cooling bulk STO undergoes a cubic to tetragonal antiferrodistortive transition at 105 K. A ferroelectric transformation in stress-free STO crystals is not observed but it is possible to induce ferroelectricity via external 35, 36 as well as internal stresses due to epitaxy. 16 It is worthwhile to note some limitations of the model employed. First of all, the coefficients in the free energy expansion for BST film are obtained by simply averaging the corresponding free energy expansion coefficients and the elastic moduli of BT and STO due to lack of data on single crystals of the same composition. Second, the sixth-order polarization terms and their coupling with internal stresses are neglected, which is a reasonable approximation in the vicinity of T C . 37 Furthermore, we have disregarded the possibility of the formation of polydomain ͑polytwin͒ structures as a mechanism to relax internal stresses because of the small self-strain of the paraelectric-ferroelectric phase transformation in the investigated temperature range. Although the formation of certain polydomain structures is thermodynamically possible for relatively large tensile misfits, 31,33,38 -45 there is no experimental observation of such structures in epitaxial BST films with Ba concentration in the 0.3-0.7 interval. Additionally, it should be kept in mind that the misfit dislocation model of Matthews and Blakeslee is the result of a thermodynamic analysis and thus the real critical thickness for dislocation formation and the linear equilibrium dislocation density may differ significantly from the actual observed values because of kinetic factors. 30, 46, 47 A variation in the critical thickness for misfit dislocation generation should in turn alter the critical thickness for maximum tunability ͓Fig. 7͑b͒ and 7͑c͔͒ but not the value of the critical misfit strain ͑Fig. 6͒. Finally, the thermodynamic model may not be applicable for films less than ϳ20 nm thick because the model does not take into account depolarizing fields and surface effects, which may tend to suppress ferroelectricity. 7,48 -50 Very recently, it was proposed that the so-called size effect in ferroelectric particles is due to a decrease in the spontaneous polarization at the particle core instead of the surface effect or the depolarization fields. 51 The phenomenological treatment showed that the LD expansion coefficients may very well be size dependent.
As a final note, a tunability as high as 100% is predicted for epitaxial BST films in our calculations close to the critical misfit. Experimentally, only a tunability of ϳ80% has been reported. 3 This discrepancy is mainly because of the overestimation of the small-signal dielectric constant that displays an anomaly at the critical misfit strain due to the structural phase transformations, resulting in a very high tunability in the vicinity of the critical misfit. However, such a sharp response in the dielectric constant as a function of temperature in actual films cannot be observed mainly due to microstructural and chemical inhomogeneities as well as defects which tend to diffuse the paraelectric-ferroelectric phase transformation over a temperature interval rather than a single point. Far from the critical strain, however, our calculations are in good agreement with the experimental data from the literature.
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